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Quantum teleportation is a powerful protocol with applications in several schemes of quantum communication, quantum cryptography and 
quantum computing. The present work shows the required conditions for a two-qubit quantum gate to be deterministically and 
probabilistically teleported by a quantum gate teleportation scheme using different basis of measurement. Additionally, we present examples 
of teleportation of two-qubit gates that do not belong to Clifford group as well the limitations of the quantum gate teleportation scheme 
employing a four-qubit state with genuine four-way entanglement.  
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1. Introduction 
 
 Since its proposal [1] quantum teleportation has played an increasing role in schemes of quantum communication, 
quantum cryptography and quantum computing [2-4]. In what concerns the teleportation of quantum gates (teleportation of 
the action of the quantum gate), a well known result is that gates belonging to Clifford group are deterministically teleported 
by a quantum teleportation scheme employing a pair of Bell states and Bell basis in the measurement, what results in error 
correction based on Pauli matrices [4,5]. This happens because Clifford group preserves Pauli group under conjugation. 
Although some works have generalized the teleportation of quantum states [6], including the usage of generic bases in the 
measurement [7], from the best of our knowledge, this has not been done for quantum gate teleportation. In this direction, the 
present work discusses the role of the basis of measurement in a two-qubit quantum gate teleportation scheme, showing 
explicitly the conditions to be satisfied by the quantum gate and the basis of measurement in order to have a successful 
teleportation. Additionally, we also give examples of teleportation of quantum gate that do not belong to Clifford group. At 
last, we show the result of the teleportation of a two-qubit quantum gate when a four-qubit state with genuine four-way 
entanglement is used.    
      The present work is outlined as follows: In Section 2 the role of the measurement basis on the teleportation of 
quantum states is discussed; in Section 3 the teleportation of quantum gates is reviewed; in Section 4 we describe the 
sufficient conditions for a two-qubit quantum gate to be teleported by a quantum teleportation scheme using a particular basis 
of measurement; Section 5 brings some examples of quantum gate teleportation with different basis, including examples of 
teleportation of quantum gates that do not belong to Clifford group; Section 6 discusses the quantum gate teleportation by a 
scheme employing a genuine four-way entangled state;  at last, conclusions are drawn in Section 7.  
 
2. Teleportation of Quantum States 
 
 The general circuit for teleportation of a single-qubit is shown in Fig. 1.  
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Fig. 1.  General circuit for quantum teleportation of a single-qubit. 
 
 Basically, one qubit, let us say the second one, from the two-qubit state interacts with the single-qubit that will be 
teleported. After, measurements are realized and, according to the results obtained, a single-qubit error-correction is applied 
on the first qubit of the two-qubit state. If the teleportation is succeeded, the last qubit will be exactly in the same quantum 
state that the input qubit was. The quantum state evolution in Fig 1 is as follows: 
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In order to have a successful teleportation the condition ij=ij must be obeyed. Let  be a general single-qubit state. 
Now, taking the inner product of i with (1) one gets 
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Using =0000+0101+1010+1111 in (3) it results in 
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Substituting 
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in (6) one obtains 
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Thus the Vj matrix can be directly obtained from (11): 
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where Uxy=Uxy x,y{0,1}. Eq. (12) shows the relation between the two-qubit state used, the errors corrections required and 
the measurement basis used by Bob. It can be rewritten as 
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It is well known that teleportation is possible only if there is entanglement. This can be directly seen from (13). Since Vj must 
belong to U(2), one must have |det(Vj)|=1. Hence det() = 0011-0110  0. Note that |det()|
2
 is an entanglement measure 
(concurrence) for two-qubit pure states, hence the two-qubit state used cannot be disentangled. Now, let us consider the cases 
where the results obtained by Bob are equally probable, pj=1/4, and the two-qubit state used is maximally entangled, 
00=11=1/2
1/2
 and 01=10=0. In this case Eq. (13) is simplified to 
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It can be easily checked that, for a given U, when the measurement basis is {(U00U11)/2
1/2
, (U01U10)/2
1/2
} the Vj are 
the Pauli matrices. Note that a basis {1,2,3,4} is useful for teleportation only if the matrices V1,..,V4 produced are 
unitary. 
 Now, let us consider U=(HI)C/8 (controlled-/8) whose action in the canonical basis is given by 
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Choosing {(U00e
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3. Teleportation of quantum gates 
 
 The general scheme for teleportation of two-qubit quantum gate is shown in Fig. 2.  
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Fig. 2.  General circuit for teleportation of the two-qubit quantum gate UT. 
 
Analyzing the quantum circuit in Fig. 2 for a successful teleportation, one has the following quantum state just before the 
measurements 
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Now, taking the inner product of jk with (18) one gets 
 
(17) 
(18) 
00 00 00 00 01 00
01 00 00 01 01 00
00 10 01 00 11 01
01 10 01 01 11 01
10 00 10 10 01 10
00 01
10 11
00 01
10 111
2 00 01
j k T j k T
j k T j k T
j k T j k T
j k T j k T
j k T j k T
j
U U U U U U
U U U U U U
U U U U U U
U U U U U U
U U U U U U
     
     
     
     
     

 
 
   
 
 
   


 11 00 10 11 01 10
10 10 11 10 11 11
11 10 11 11 11 11
00 01 10 11
10 11
00 01
10 11
1
00 01 10 11 ,
4
k T j k T
j k T j k T
j k T j k T
jk T
U U U U U U
U U U U U U
U U U U U U
V U
    
     
     
   
 
 
 
 
 
 
 
 
  
  
    
 
  
  
     
      
 
that can be rewritten as  
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Equations (20)-(22) tell us that the quantum gate UT can be teleported only if the quantum gate U and the measurement basis 
are chosen in such way that UTjk=VjkUT where, if the error correction are assumed to be local, Vjk is decomposable in the 
tensor product of single-qubit gates. In other words, given U and a measurement basis, there exist a specific set of quantum 
gates that can be teleported. For example, if U=I and the measurement basis is the Bell basis, then we have the well known 
result that the error correction gates are Pauli matrices and the quantum gates belonging to Clifford group can be teleported.  
 Following the same procedure as before, for a two-qudit gate one has 
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while for n-qubit gate one obtains 
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 4. Teleportation and separability of two-qubit gates 
 
 In this section we will discuss the conditions required for a basis to be useful for teleportation of a two-qubit gate or, 
alternatively, the conditions required for a gate to be teleported by a given basis. Firstly, let us assume the following notation: 
 =  and  =  are Pauli matrices, where ,  {I,X,Y,Z}. Furthermore,  = . Now, one has that 
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As it is well know, a general single-qubit gate and a separable two-qubit gate can be represented, respectively, as 
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Now, using 
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in (31) one gets 
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Now, according to KAK decomposition [8], a general two-qubit quantum gate is decomposed as 
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where UA, UB, UC and UD are local single-qubit gates and UNL is the non-local part. Using (34) in (35)-(36), one obtains 
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 Considering again the two-qubit quantum gate teleportation, one has that teleportation with local error correction is 
possible if   †T j k T j kU U V V    . Using the KAK decomposition of UT, the left side can be rewritten as 
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Using the commutation relations given in (29), one gets 
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Therefore, W is separable only if the unitary matrices 
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are also separable, where   {X,Y} and   {X,Z}. One can find that the unitary matrices W1,…,W4 are separable if the 
following condition is satisfied 
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The solutions of (44) are (,)  {(k/2,x);(x,2k);((2k+1)/4,n)} where x   and k,n  Z. The first two solutions are not 
interesting because exp(i(k/2)) is separable and exp(ikI) = exp(ikI)=I. Therefore, the following theorem follows: 
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Theorem 1: Given a two-qubit quantum gate UT with KAK decomposition UT = (UAUB)UNL(UCUD),  and a two-qubit 
basis {1,2,3,4}, the quantum gate UT can be deterministically teleported if one of the following conditions is 
satisfied: 
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2)  
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 Without loss of generality, we have considered U = I in scheme in Fig. 2. The condition 1) comes from (44), while 
condition 2) comes from the action of the SWAP gate:   †swap x y swap y xU U U U U U    for any Ux and Uy. Note that, if 
condition 1) is only partially satisfied (the tensor product is not satisfied for all values of (j,k)) then a probabilistic teleportation 
takes place. In this case the success probability is N(j,k)/16, where N(j,k) is the number of pairs (j,k) that satisfies the tensor 
product.  
 
5.  Examples of quantum gate teleportation with different bases 
 
 In this section we show some examples of teleportation with different bases. Firstly, let us consider the real basis ab 
and its corresponding matrices j, j=1,…,4: 
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An example of such basis is  
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The second basis to be considered is obtained taking the columns of the unitary matrix UNL given in (36): 
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The angle 3 can assume any real value. Note that taking values for 1 and 2 different from those values shown in (50) will 
result in a non valid basis since the matrices j will not be unitary. Two examples of this class are the bases 
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 After some algebra, one can easily check that the CNOT can be deterministically teleported by the scheme in Fig. 2 if 
the basis MBell is used, it can be probabilistically teleported if the basis M2 is used and it cannot be teleported if the basis M1 is 
used. Table 1 shows the probability of successful teleportation for a small set of gates when the basis MBell, M1 and M2 are 
considered. 
(45) 
(46) 
(47) 
(49) 
(50) 
(51) 
(52) 
(48) 
Gate MBell M1 M2 
CNOT 1 0 0.5 
C/8 0.5 0 0.5 
CNOT
1/2
 0.5 0 0.25 
SWAP
1/2
 0.25 0.25 0.25 
exp(i/4YY) 1 1 0.25 
 
Table 1. Probability of successful teleportation according to the basis used: MBell, M1 and M2. 
Now, let us consider the quantum gate T that is deterministically teleported by MBELL and M2 but it is not teleported by M1.  
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Considering the basis M2 one has 
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and the results for TjkT
† 
shown in Table 2. 
 
j k TjkT
†
 j k TjkT
†
 
1 1 P-P 3 1 ViPZ 
1 2 PZ -VZ 3 2 -VZ iV 
1 3 PZ iV 3 3 VZ -VZ 
1 4 PPYX 3 4 -VP 
2 1 -VZPZ 4 1 PYXP 
2 2 VV 4 2 -VZ iP 
2 3 V-VZ 4 3 P-V 
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Table 2. Results of TjkT
†
 for teleportation of T in (53) when basis M2 is used. 
 
 Hence, the gate T(,) is deterministically teleportable for any values for  and   when the basis M2 is used (the same 
happens if MBell is used). Two interesting cases are T1 = T( = /8,  = /8) and T2 = T( = /7,  = /13). They are 
deterministically teleportable but both of them do not belong to Clifford group. This is remarkable since up to now, from the 
best of our knowledge, none explicit example of a non-Clifford quantum gate teleportation was presented.  
(53) 
(54) 
 Another interesting situation is the two-qubit swap gate family: (UAUB)exp(i/4(XX+YY+ZZ))(UCUD). These 
gates are not separable but they do not change the entanglement of a two-qubit state. Some examples are: 
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According to condition 2 of Theorem 1, the swap family can always be deterministically teleported by any basis.  
 
6.  Quantum gate teleportation with a genuine four-way entangled state 
 
 In this section we consider the two-qubit quantum gate teleportation using a genuine four-way entangled state instead 
of a pair of Bell states. The four-qubit quantum state used is [9] 
 
 0000 0011 0101 0110 1001 1010 1100 1111 8.          
 
Following the steps described in (18)-(22), one gets the following quantum state before error correction 
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Due to the superposition in (57), a successful teleportation of the two-qubit state UTAB can never be achieved. However, 
using U=UTU1, (57) can be rewritten as  
 
   † †
,
2
XX jk AB ZZ jk ABU U U U U U     


  
 
what shows that a superposition of UAB with local errors is realized if (UXXjkU
†
) and (UZZjkU
†
) are separable. In 
particular, if Bell basis is used (j is a Pauli matrix), U belongs to Clifford group and AB = U
†00, then one has  
 
00 00
.
2
nm rs 

  
 
(55) 
(56) 
(57) 
(58) 
(59) 
(60) 
In this case, the quantum gate teleportation schemes works as non–local quantum circuit whose input is U†00 and the output 
is (probabilistically) one of the Bell states.   
 
7.  Conclusions 
 
 Summarizing, this work discussed: I) the sufficient conditions for a two-qubit quantum gate to be teleported by a 
quantum circuit having as resource two bell states and a given basis of measurement; II) the teleportation of gates out of 
Clifford group; III) the quantum gate teleportation using a four-qubit state with genuine four-way entanglement. From the 
work done, one can conclude that: 
 
1. The Theorem 1 gives the sufficient conditions for a quantum gate UT to be teleported when a given basis is used.  
2. From Theorem 1 one gets: 2.1) any Clifford gate has non-local part with angles (2k+1)/4. 2.2) Any gate of the type 
∙exp( (i(2kx+1)/4XX+ i(2ky+1)/4YY+ i(2kz+1)/4ZZ))∙ belongs to Clifford group. 2.3) Any gate of the form 
(UAUB)UNL(URUR) is teleported deterministically by the basis 1,…,4, where 
,
2j jx y x y xy   and 
†
j R j RU U  . In this case, one can note that jk = m. Furthermore, it 
is possible to produce a continuum of gates out of Clifford group that are deterministically teleportable by the basis 
1,…,4, and only probabilistically teleported by Bell basis, for example. In particular, if 
   † † 11 R R NL R RU U U U U U    and    † † 22 R R NL R RU U U U U U   , then †1 1jk nmU U   and 
   † † 1 21 2 R R NL NL R RU U U U U U U U   . Hence, the set of matrices    † † jR R NL R RU U U U U  , with 
j=1,2,3,… labeling the different non-local parts, forms a group that preserves the group 
†
j R j RU U   under 
conjugation.  
3. The success probability of teleportation of a given gate depends on the basis used. In general one can say that a given 
basis has teleportation capability proportional to the amount of gates that can be teleported when it is used. In 
particular: 3.1) any basis that produces a unitary matrix j=I (like the Bell basis), has teleportation capability larger 
than zero. In this case, the lowest success probability is 1/16; 3.2) any basis having at least one disentangled state has 
teleportation capability equal to zero: if the state j is disentangled, then det(j) = 0 and j is, obviously, not unitary.  
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